In this paper, we focused on testing homogeneity of scale parameters of k Inverse Gaussian distributions (IGDs) since this distribution is one of the most common distribution for analyzing nonnegative right-skewed data. We have proposed a new test statistic based on the Computational Approach Test (CAT), which is a type of parametric bootstrap method, for testing homogeneity of scale parameters of k IGDs. Simulation results have been presented to compare the performances of the proposed method and existing methods such as the likelihood ratio test, modified likelihood ratio test and generalized likelihood ratio test in terms of type I error rate and power. The results showed that the proposed CAT is better than the others in terms of the type I error rates and powers in some cases.
INTRODUCTION
The probability density function of an Inverse Gaussian distribution (IGD) with parameters μ and λ is defined as follows:
where μ is the mean parameter and λ is the scale parameter. The IGD was originally introduced as the first passage time distribution in Brownian motion with positive drift (Schrödinger 1915; Von Smoluchowski 1915) . Tweedie (1945) has shown the inverse relationship between the cumulant generating function of the first passage time distribution and that of the normal distribution, so it is called as IGD for the first passage time distribution. Wald (1947) has derived the limiting form of IGD. Therefore, it is also called as Wald's distribution, especially in the Russian literature (Gökpınar et al. 2013 ).
The main appeal of IGD lies in these facts: it can accommodate a variety of shapes from highly skewed to almost normal; it is unique among the distributions for nonnegative right-skewed data such as Weibull, gamma and log-normal due to the fact that it shares many elegant and convenient properties with Gaussian models. In recent years, the IGD has been widely used in describing and analyzing right skewed data in many different fields, such as life tests, psychology, demography, linguistics, environment and finance. In generalized linear models, the distribution for a response variable can be any member of the natural exponential dispersion family such as normal, gamma and inverse Gaussian distributions. This distribution is often a reasonable representation of the distributions for many measures found in psychological and behavioral science research widely (Anderson et al. 2010) . For example, Anderson et al. (2010) gave a data set consisting of a sub-set of data for 149 elderly participants in a study on cognition and aging from Stine-Morrow et al. (2008) . Elderly individuals were shown words on a computer screen and the words were presented one at a time and a sequence of words made up a sentence. Each subject read multiple sentences. A word was presented and the subject hit the space bar when they were ready for the next word. Their reading time measured in ml seconds between the presentation of a word and hitting of the space bar. The reaction times are continuous and positively skewed. Given the nature of the response variable, two plausible distributions for these data are the gamma and IGD.
Comprehensive characterization properties of IGD were given by Chhikara and Folks (1989) , Seshadri (1999 Seshadri ( , 1993 . In this article, the testing problem of the homogeneity of k IGD scale parameters has been considered. One of the reasons of dealing with this problem is that the analysis of data is simplified when the scale parameters are equal. In such a case, if the IGD scale parameters are found to be equal, the Analysis of Reciprocals (ANORE) F test is the most widely used test for the equality of multiple IGD means. However, the type I error rates of the ANORE test may be much larger than the nominal level when the scale parameters of IGDs are non-homogeneous (Tian 2006) . For this reason, the use of this test is not appropriate for the nonhomogeneous scale case. Therefore, it is important to test the assumption of homogeneous scale parameters before applying ANORE test. For testing the homogeneity of IGD scale parameters, there are several studies in the literature. Chhikara and Folks (1989) gave a modified likelihood ratio test by using Bartlett's approximation. Besides, Liu and He (2013) proposed a new exact generalized likelihood ratio test based on the idea of generalized likelihood ratio (GLR) method introduced by Weerahandi (1995) . The concept of GLR has been widely applied to a variety of practical settings, where standard inference methods do not exist. In this concept, the generalized pivotal quantities are needed to construct generalized p-value. However, unlike suggested various GLR methods, Liu and He (2013) directly got the generalized p-value from a special likelihood ratio for testing the homogeneity of IGD scale parameters. They compared this test with the modified likelihood ratio test (MLRT) given by Chhikara and Folks (1989) and the GLR test in terms of type I error rates and powers. The simulation results of Liu and He (2013) demonstrate that their proposed test and MLRT have type I error rates close to the nominal level. The powers of the proposed test are at least as large as those of MLRT, except for several scenarios when the sample sizes are equal and small.
In this paper, a new computational approach test (CAT) was proposed for testing the homogeneity of IGD scale parameters. Pal et al. (2007) first introduced the CAT, which is a particular type of parametric bootstrap method. It is simply based on simulation and numerical computations and it uses the maximum likelihood estimates (MLEs), and does not require the knowledge of any sampling distribution. The concept of CAT has been widely applied to a variety of practical settings, where standard inference methods do not exist. For example, Pal et al. (2007) showed how the CAT can be applied to Gamma and Weibull distributions for hypothesis testing and interval estimations. In cases where the variances are unknown and arbitrary, Chang and Pal (2008) developed a CAT to test the equality of two normal population means. Chang et al. (2010 Chang et al. ( , 2011 suggested test procedures based on the CAT for the hypotheses testing of the Poisson and Gamma models. Under heteroscedasticity, Gökpınar and Gökpınar (2012) applied the CAT to test the equality of several normal population means.
This paper has been organized as follows. In the next section, the likelihood ratio test and the modified likelihood ratio test (MLRT) and generalized likelihood ratio test have been introduced. After that, the details of the test based on the CAT method has been obtained. In the section that follows, the simulation results have been presented to compare the tests mentioned above in terms of type I error rates and powers.
TEST STATISTICS Let X i1 , X i2 , …, X in i be a random sample from IG with means μ i and scale parameters λ i , i = 1, …, k. We are interested in testing
for at least one pair of i ≠ j.
(1)
The existing test methods are given in the following for testing the homogeneity of scale parameters of the IGDs.
LIKELIHOOD RATIO TEST AND THE MODIFIED LIKELIHOOD RATIO TEST
Likelihood ratio test was proposed by Doornbos and Dijkstra (1983) . The likelihood function is given as
Without the restriction of the null hypothesis, the maximum likelihood estimates (MLEs) of μ i 's and λ i 's are given as follows (2) The likelihood function under the null hypothesis is as seen here Taking derivatives L 0 with respect to μ i and λ yields the following results:
(3)
.
(4)
From (3) and (4), the restricted maximum likelihood estimates (RMLEs) of the parameters under the null hypothesis are as seen here (5) where
. When and are replaced in the L 0 function, and and are replaced in the L 1 function, the likelihood ratio (LR) is obtained as (6) Let and , thus in (2) and in (5) can be written as and respectively. Therefore, the LR in (6) is obtained as (7) (Chhikara & Folks 1989) . Under the null hypothesis, likelihood ratio test (LRT) can be given as:
LRT is distributed approximately chi-square with (k -1) degrees of freedom. By using Bartlett's approximation, the modified likelihood ratio test (MLRT) suggested by Chhikara and Folks (1989) is given as
where and Here and f i = n i -1. Under the null hypothesis, MLRT is distributed approximately as chisquare with (k -1) degrees of freedom (Chhikara & Folks 1989) .
GENERALIZED LIKELIHOOD RATIO TEST Liu and He (2013) proposed a new test based on the idea of generalized likelihood ratio (GLR) method in Weerahandi (1995) 's study. The p-value of the GLR test is obtained as:
and B i , i = 1, 2, …, k -1 are independent beta random variables defined by ~
Here, λ i V i : , . The generalized p-value in Equation (9) can be computed by using the following algorithm.
For a given data set x ij , i = 1, …, k, j = 1, …, n i , compute , i = 1, 2, …, k, and
For l = 1 to m, generate random numbers from Y i , i = 1, 2, …, k according to (10) -(11).
Compute and
Let M l = 1 if T l < t else M l = 0, then is a simulated estimate of p-value for testing Equation (1) (Liu & He 2013) .
THE COMPUTATIONAL APPROACH TEST (CAT) METHOD
In this section, CAT which is a special case of parametric bootstrap test was proposed to test the equality of several scale parameters of IG distribution. Initially, before applying CAT for testing the null hypothesis given in (1), the CAT procedure was given as follows. Let Y 1 , Y 2 , …, Y n be a random sample having a probability density function f (y/θ), where the functional form of f is assumed to be known and θ = (θ (1) , θ (2) ) is known vector in parameter space Θ. Ө (1) and Ө (2) are the parameter of interest and nuisance parameter, respectively. The problem of interest is to test versus a suitable alternative. To test against was first expressed as against where η is a scalar valued function. The general methods of the CAT for testing against a suitable alternative at a desired level a was given through the following steps (Tian 2006) .
Obtain MLEs of the parameters, Ө (1) and Ө (2) ; Obtain a suitable η(θ (1) , θ 0 (1) ) and According to the procedure given before, to apply the CAT procedure for testing the null hypothesis given in (1), H 0 is expressed in terms of suitable scalar η defined in (12).
It is clear that testing H 0 against H 1 is equivalent to testing against . Thus, MLE of η can be used as a test statistic.
The test procedure of the proposed CAT could be given as follows:
The MLEs of the parameters are obtained as and Therefore, the test statistic is written as Under H 0 , generate samples X ij from (1 ≤ j ≤ n i , 1 ≤ i ≤ k) a large number of times (m times). Hence, RMLEs of μ i and λ are given in (5). For each of these replicated samples, recalculate the value as follows:
Calculate the p-value as
If p < α, H 0 is rejected.
SIMULATION STUDIES
In this section, the LRT, GLRT, MLRT and CAT were compared to test the homogeneity of k IGD scale parameters in terms of type I error rates and powers in different combinations of parameters and sample sizes with different number of groups (k = 3, 4, 5, 7). For each parameter and sample size setting, 5000 replicate was taken to obtain power and type-I error rates. Furthermore, for GLRT and CAT procedure, m = 5000 was taken. The nominal level was taken as α = 0.05. For estimated type-I error rates, the numerical results were given in Tables 1 -4. Tables 1-4 present the estimated type I error rates of the four tests. The estimated type I error rates of the MLRT, GLRT and CAT tests are close to the nominal level in almost all cases and their type I error rates are well controlled. However, the estimated type I error rates of the LRT exceed to nominal level especially when sample sizes are small and different. Further note that the type-I error probabilities of all the four tests converge to the nominal level as the sample sizes increase.
The powers of all the tests for different combinations of parameters and sample sizes were calculated. The numerical results for powers of the four tests were given in Tables 5 -8. As seen from these tables, the LRT, whose type I error rates are above 0.06, was ignored for the power comparison. For this reason, this situation was expressed by denoting with "****" in power tables.
It has been observed that when the differences among the scale parameters are small, for example l=1, 1, 2, the CAT appears to be more powerful than the other tests for all group values and sample sizes. For example, for μ = 1, 1, 1, λ = 1, 1, 3, n = 15, 10, 5, the power values of MLRT, GLRT, CAT are 0.1462, 0.1830 and 0.2306, respectively. The thing which is particularly worth mentioning is that the CAT detects the small differences between the scale parameters more easily than the other tests. In other cases where the increases in the differences between the scale parameters are large, for example l = 1, 4, 8, the power values of the CAT are very close to those of other tests, especially as the sample sizes increase. Additionally, the powers of all the tests are positively affected from the increases in the differences between scale parameters and sample size, the powers of all the tests increase for these cases.
CONCLUSION
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